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Abstract
The kernel of composition operator CT on Orlicz-Sobolev space is obtained.
Using the kernel, a necessary and a sufficient condition for injectivity of composi-
tion operator CT has been established. Composition operators on Orlicz-Sobolev
space with finite ascent as well as infinite ascent have been characterized.
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1. Introduction and Preliminaries
Let Ω be an open subset of the Euclidean space Rn and (Ω,Σ, µ) be a σ-finite complete
measure space, where Σ is a σ-algebra of subsets of Ω and µ is a non-negative measure
on Σ. Let ϕ : R → R be an N-function [8, 9], i.e., an even, convex and continuous
function satisfying ϕ(x) = 0 if and only if x = 0 with lim
x→0
ϕ(x)
x
= 0 and lim
x→∞
ϕ(x)
x
=∞.
Such a function ϕ is known as Orlicz function. Let L0(Ω) denote the linear space of all
equivalence classes of Σ-measurable functions on Ω, where we identify any two functions
are equal if they agree µ-almost everywhere on Ω. The Orlicz space Lϕ(Ω) is defined
∗Corresponding author
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2as the set of all functions f ∈ L0(Ω) such that
∫
Ω
ϕ(α|f |)dµ <∞ for some α > 0. The
space Lϕ(Ω) is a Banach space with respect to the Luxemburg norm defined by
||f ||ϕ = inf
{
k > 0 :
∫
Ω
ϕ
(
|f |
k
)
≤ 1
}
.
If ϕ(x) = xp, 1 ≤ p < ∞, then Lϕ(Ω) = Lp(Ω), the well known Banach space of p-
integrable function on Ω with ||f ||ϕ =
(
1
p
) 1
p
||f ||p. An Orlicz function ϕ is said to satisfy
the ∆2-condition, if there exists constants k > 0, u◦ ≥ 0 such that ϕ(2u) ≤ kϕ(u) for all
u ≥ u◦. If L˜
ϕ(Ω) denotes the set of all function f ∈ L0(Ω) such that
∫
Ω
ϕ(|f |)dµ <∞,
then one has Lϕ(Ω) = L˜ϕ(Ω), when the Orlicz function ϕ satisfies the ∆2 condition.
Here, the set L˜ϕ(Ω) is known as Orlicz class. We define the closure of all bounded
measurable functions in Lϕ(Ω) by Eϕ(Ω). Then Eϕ(Ω) ⊂ Lϕ(Ω) and Eϕ(Ω) = Lϕ(Ω)
if and only if ϕ satisfies ∆2 condition. For further literature concerning Orlicz spaces,
we refer to Kufener, John and Fucik [3], Krasnoselskii & Rutickii[8] and Rao [9].
The Orlicz-Sobolev space W 1,ϕ(Ω) is defined as the set of all functions f in Orlicz
space Lϕ(Ω) whose weak partial derivative ∂f
∂xi
( in the distribution sense ) belong to
Lϕ(Ω), for all i = 1, 2, · · · , n. It is a Banach space with respect to the norm:
||f ||1,ϕ = ||f ||ϕ +
n∑
i=1
∣∣∣∣ ∂f
∂xi
∣∣∣∣
ϕ
If we take an Orlicz function ϕ(x) = |x|p, 1 ≤ p < ∞, then W 1,ϕ(Ω) = W 1,p(Ω) with
||f ||1,ϕ =
(
1
p
)1/p
||f ||1,p, i.e., the corresponding Orlicz-Sobolev space W
1,ϕ(Ω) becomes
classical Sobolev space of order one. In fact, these spaces are more general than the
usual Lebesgue or Sobolev spaces. For more details on Sobolev and Orlicz-Sobolev
spaces, we refer to Adam [11], Rao [9] and Arora, Datt and Verma [13].
Let T : Ω → Ω be a measurable transformation, that is, T−1(A) ∈ Σ for any
A ∈ Σ. If µ(T−1(A)) = 0 for any A ∈ Σ with µ(A) = 0, then T is called as nonsingular
measurable transformation. This condition implies that the measure µ ◦ T−1, defined
by µ ◦ T−1(A) = µ(T−1(A)) for A ∈ Σ, is absolutely continuous with respect to µ i.e.,
µ◦T−1 ≪ µ. Then the Radon-Nikodym theorem implies that there exist a non-negative
locally integrable function fT on Ω such that
µ ◦ T−1(A) =
∫
A
fT (x)dµ(x) for A ∈ Σ.
It is known that any nonsingular measurable transformation T induces a linear operator
(Composition operator) CT from L
0(Ω) into itself which is defined as
CTf(x) = f(T (x)), x ∈ Ω, f ∈ L
0(Ω).
3Here, the non-singularity of T guarantees that the operator CT is well defined. Now,
if the linear operator CT maps from Orlicz-Sobolev space W
1,ϕ(Ω) into itself and is
bounded, then we call CT is a composition operator in W
1,ϕ(Ω) induced by T . A
major application of Orlicz-Sobolev spaces can be found in PDEs [1].
The composition operators received considerable attention over the past several
decades especially on some measurable function spaces such as Lp-spaces, Bergman
spaces and Orlicz spaces, such that these operators played an important role in the
study of operators on Hilbert spaces. The basic properties of composition operators on
measurable function spaces have been studied by many mathematicians. For a flavor
of composition operators on different spaces we refer to [5], [12], [15] and [16] and the
references therein. The boundedness and compactness of the composition operator CT
on Orlicz-Sobolev space W 1,ϕ(Ω) has been characterized in the paper due to Arora,
Datt and Verma [13]. Regarding the boundedness of the composition operator CT on
Orlicz-Sobolev space W 1,ϕ(Ω) into itself, we have the following two important results
[13].
Lemma 1.1. Let fT ,
∂Tk
∂xi
∈ L∞(Ω) with ||∂Tk
∂xi
||∞ ≤ M , for some M > 0 and for all
i, k = 1, 2, · · · , n, where T = (T1, T1, · · · , Tn) and
∂Tk
∂xi
denotes the partial derivative (in
the classical sense). Then for each f in W 1,ϕ(Ω), we have CT (f) ∈ W
1,ϕ(Ω) and if the
Orlicz function ϕ satisfies ∆2 condition, then the first order distributional derivatives
of f ◦ T , given by
∂
∂xi
(f ◦ T ) =
n∑
k=1
(
∂f
∂xk
◦ T
)
∂Tk
∂xi
,
for 1, 2, · · · , n, are in Lϕ(Ω).
Theorem 1.1. Suppose that conditions are hold as given in the previous lemma. Then
the composition operator CT on Orlicz-sobolev space W
1,ϕ(Ω) is bounded and the norm
of CT (f) satisfies the following inequality:
||CT (f)||1,ϕ ≤ ||fT ||∞(1 + nM)||f ||1,ϕ.
In the present paper, we are going to present some classical properties of Compo-
sition operators on Orlicz-Sobolev space W 1,ϕ(Ω), which have not been proved earlier.
We divide this paper into two sections - section 2, 3. In the section 2, we establish
a necessary and sufficient condition for the injectivity of the composition operator on
Orlicz-Sobolev space. And in the last section, composition operators on Orlicz-Sobolev
space W 1,ϕ(Ω) with finite ascent as well as infinite ascent are studied.
42. Composition operator on Orlicz-Sobolev spaces
We begin by the defining Orlicz-Sobolev space. For a given Orlicz function ϕ, the
corresponding Orlicz-Sobolev space is given by
W 1,ϕ(Ω) =
{
f ∈ Lϕ(Ω) :
∂f
∂xi
∈ Lϕ(Ω) for i = 1, 2, · · · , n
}
.
Assume that the conditions as given in the lemma 1.1. holds. Let CT : W
1,ϕ(Ω) →
W 1,ϕ(Ω) be a nonzero composition operator and Ω◦ = {x ∈ Ω : fT (x) =
dµ◦T−1
dµ
(x) = 0}.
Now consider the subset
W 1,ϕ(Ω◦) =
{
f ∈ W 1,ϕ(Ω) : f(x) = 0 for Ω \ Ω◦
}
.
Then the set Ω◦ is obviously measurable. Note that if µ(Ω\Ω◦) = 0, then
dµ◦T−1
dµ
(x) = 0
almost everywhere and ||dµ◦T
−1
dµ
||∞ = 0. Thus in this case, the corresponding composi-
tion operator CT will be the zero operator (by the theorem 1.1.). Hence for a nonzero
composition operator CT , we have µ(Ω \ Ω◦) > 0. We start with the following result.
Lemma 2.1. If f ∈ W 1,ϕ(Ω◦) then the weak derivative of f ,
∂f
∂xi
(x) = 0 on Ω \Ω◦, for
every i = 1, 2, · · · , n.
Proof. Let f ∈ W 1,ϕ(Ω◦). Then f ∈ L
ϕ(Ω) and ∂f
∂xi
∈ Lϕ(Ω) for 1 = 1, 2, · · · , n.
Since weak derivative of f exists on Ω, hence f has weak derivative on Ω \ Ω◦ ⊂ Ω.
Now f(x) = 0 on Ω \ Ω◦ implies that
∫
Ω\Ω◦
f(x)
∂φ(x)
∂xi
dµ = 0 for all test function
φ(x) ∈ C∞0 (Ω) and i = 1, 2, · · · , n. We have,∫
Ω\Ω◦
f(x)
∂φ(x)
∂xi
dµ = −
∫
Ω\Ω◦
∂f(x)
∂xi
φ(x)dµ , ∀φ ∈ C∞0 (Ω \ Ω◦).
Since C∞0 (Ω \ Ω◦) ⊂ C
∞
0 (Ω) hence∫
Ω\Ω◦
∂f(x)
∂xi
φ(x)dµ = −
∫
Ω\Ω◦
f(x)
∂φ(x)
∂xi
dµ
= 0
for all φ ∈ C∞0 (Ω \ Ω◦). Now as µ(Ω \ Ω◦) > 0, it follows that weak derivative of f is
zero, i.e., ∂f
∂xi
(x) = 0 on Ω \ Ω◦.
Theorem 2.1. Let CT be a composition operator on Orlicz-Sobolev space W
1,ϕ(Ω).
Then ker CT = W
1,ϕ(Ω◦).
5Proof. Let f ∈ ker CT . Then f ◦ T = 0 in W
1,ϕ(Ω). This implies that ||f ◦ T ||1,ϕ = 0.
But ||f ◦T ||1,ϕ = ||f ◦T ||ϕ+
n∑
i=1
∣∣∣∣ ∂
∂xi
(f ◦ T )
∣∣∣∣
ϕ
. Therefore, we have ||f ◦T ||ϕ = 0 and
|| ∂
∂xi
(f ◦ T )||ϕ = 0 for i = 1, 2, · · · , n. This shows that f ◦ T = 0 in L
ϕ. Hence, there
exists α > 0 such that
0 =
∫
Ω
ϕ(α|f ◦ T |)dµ =
∫
Ω
ϕ(α|f |)
dµ ◦ T−1
dµ
dµ (2.1)
Suppose Sf = {x ∈ Ω : f(x) 6= 0}. Then, from above it follows that
dµ◦T−1
dµ
|Sf = 0.
Since
W 1,ϕ(Ω◦) =
{
f ∈ W 1,ϕ(Ω) : f(x) = 0 for Ω \ Ω◦
}
=
{
f ∈ W 1,ϕ(Ω) : Sf ⊂ Ω◦
}
=
{
f ∈ W 1,ϕ(Ω) :
dµ ◦ T−1
dµ
∣∣
Sf
= 0
}
,
hence, f ∈ W 1,ϕ(Ω◦). Therefore, ker CT ⊆W
1,ϕ(Ω◦).
Conversely, suppose that f ∈ W 1,ϕ(Ω◦). Then f ∈ L
ϕ(Ω). Hence there exists α > 0
such that
∫
Ω
ϕ(α|f |)dµ <∞, for some α > 0. Now we have,
∫
Ω
ϕ(α|f ◦ T |)dµ =
∫
Ω
ϕ(α|f |)
dµ ◦ T−1
dµ
dµ
=
∫
Ω\Ω◦
ϕ(α|f |)
dµ ◦ T−1
dµ
dµ+
∫
Ω◦
ϕ(α|f |)
dµ ◦ T−1
dµ
dµ
= 0 [∵ f(x) = 0 on Ω \ Ω◦ and
dµ ◦ T−1
dµ
(x) = 0 on Ω◦ ]
This implies that f ◦ T = 0 in Lϕ(Ω) and hence ||f ◦ T ||ϕ = 0. Now by the lemma 1.1.
we have,
∂
∂xi
(f ◦ T ) =
n∑
k=1
(
∂f
∂xk
◦ T
)
∂Tk
∂xi
.
Since, f ∈ W 1,ϕ(Ω◦) and CT is a composition operator on W
1,ϕ(Ω), hence weak deriva-
tive of f ◦ T , ∂
∂xi
(f ◦ T ) ∈ Lϕ(Ω), for every i = 1, 2 · · · , n. Now for some β > 0, we
have∫
Ω
ϕ
(
β
∣∣∣∣
n∑
k=1
(
∂f
∂xk
◦ T
)
∂Tk
∂xi
∣∣∣∣
)
dµ =
∫
Ω
ϕ
(
β
∣∣∣∣
n∑
k=1
∂f
∂xi
(x)
∂Tk
∂xi
(T−1(x))
∣∣∣∣
)
dµ ◦ T−1
dµ
dµ
=
∫
Ω\Ω◦
+
∫
Ω◦
= 0
6as ∂f
∂xk
(x) = 0 on Ω \ Ω◦ for k = 1, 2, · · · , n and
dµ◦T−1
dµ
(x) = 0 on Ω◦. This shows that
∂
∂xi
(f ◦ T ) = 0 in Lϕ(Ω) and hence
∣∣∣∣ ∂
∂xi
(f ◦ T )
∣∣∣∣
ϕ
= 0 for i = 1, 2, · · · , n. Thus we
have,
||f ◦ T ||1,ϕ = ||f ◦ T ||ϕ +
n∑
i=1
∣∣∣∣
∣∣∣∣ ∂∂xi (f ◦ T )
∣∣∣∣
∣∣∣∣
ϕ
= 0
Therefore, f ◦T = 0 in W 1,ϕ(Ω) and W 1,ϕ(Ω◦) ⊆ ker CT . Hence the result follows.
The following theorem gives a necessary and sufficient condition for injectivity of
composition operator CT on Orlicz-Sobolev space W
1,ϕ(Ω). We say that T : Ω→ Ω is
essentially surjective if µ(Ω \ T (Ω)) = 0.
Theorem 2.2. The composition operator CT induced by T on Orlicz-Sobolev space
W 1,ϕ(Ω) is injective if and only if T is essentially surjective.
Proof. Suppose that CT is injective. Then ker CT = {0}. But ker CT = W
1,ϕ(Ω◦) ={
f ∈ W 1,ϕ(Ω) : dµ◦T
−1
dµ
∣∣
Sf
= 0
}
. Therefore, ker CT = {0} implies thatW
1,ϕ(Ω◦) = {0}.
This shows that f = 0 a.e. if dµ◦T
−1
dµ
|Sf = 0. Hence it follows that
dµ◦T−1
dµ
6= 0 a.e..
Thus µ(Ω◦) = 0. To complete the proof, it suffices to show that Ω \ Ω◦ = T (Ω). Note
that Ω \ Ω◦ = S dµ◦T−1
dµ
.
Let E ⊂ Ω \ T (Ω). Then T−1(E) = ∅ and hence, 0 = µ(T−1(E)) =
∫
E
dµ ◦ T−1
dµ
dµ
implies that dµ◦T
−1
dµ
|E = 0. This shows that E ⊂ Ω◦ and hence Ω \ T (Ω) ⊆ Ω◦. Thus,
we have
µ(Ω◦) = 0⇒ µ(Ω \ T (Ω)) = 0.
Conversely, assume that T is essentially surjective so that Ω = T (Ω)∪A, where µ(A) =
0. Then, clearly, we have
ker CT = {f ∈ W
1,ϕ(Ω) : CTf = 0}
= {f ∈ W 1,ϕ(Ω) : f |T (Ω) = 0}
= {0} [∵ µ(A) = 0 ]
Therefore, CT is injective.
3. Ascent of the Composition Operator
F. Riesz in [6] introduced the concept of ascent and descent for a linear operator in a
connection with his investigation of compact linear operators. The study of ascent and
7descent has been done as a part of spectral properties of an operator ([4], [7]). Before
going to start, let us recall the notion of ascent of an operator on an arbitrary vector
space X .
If H : X → X is an operator on X , then the null space of Hk is a H-invariant
subspace of X , that is, H(ker (Hk)) ⊆ ker (Hk) for every positive integer k. Indeed,
if x ∈ ker (Hk) then Hk(x) = 0 and therefore, Hk(H(x)) = H(Hk(x)) = 0, i.e.,
H(x) ∈ ker (Hk). Thus we have the following subspace inclusions:
ker (H) ⊆ ker (H2) ⊆ ker(H3) ⊆ · · ·
Following definitions and well known results are relevant to our context ([2], [10], [14]);
Theorem 3.1. For an operator H : X → X on a vector space, if ker (Hk) =
ker (Hk+1) for some k, then ker (Hn) = ker(Hk) for all n ≥ k.
We now introduce ascent of an operator. The ascent of H is the smallest nat-
ural number k such that ker (Hk) = ker (Hk+1). If there is no k ∈ N such that
ker (Hk) = ker (Hk+1), then we say that ascent of H is infinite.
Now we are ready to study ascent of the composition operator CT on Orlicz-Sobolev
space W 1,ϕ(Ω). Observe that if T is a non singular measurable transformation on Ω,
then T k is also non singular measurable transformation for every k ≥ 2 with respect
to the measure µ. Hence T k also induces a composition operator CT k . Note that for
every measurable function f , CkT (f) = f ◦ T
k = CT k(f). Also we have
· · · ≪ µ ◦ T−(k+1) ≪ µ ◦ T−k ≪ · · · ≪ µ ◦ T−1 ≪ µ.
Take µ ◦ T−k = µk. Then by Radon-Nikodym theorem, there exists a non-negative
locally integrable function fT k on Ω so that the measure µk can be represented as
µk(A) =
∫
A
fT k(x)dµ(x), for all A ∈ Σ
where the function fT k is the Radon-Nikodym derivative of the measure µk with respect
to the measure µ. The following theorem characterizes the composition operators CT
with ascent k on Orlicz-Sobolev spaces W 1,ϕ(Ω).
Theorem 3.2. The composition operator on Orlicz space W 1,ϕ(Ω) has ascent k ≥ 1
if and only if k is the first positive integer such that the measures µk and µk+1 are
equivalent.
8Proof. Suppose that µk and µk+1 are equivalent. Then µk+1 ≪ µk ≪ µk+1. Since
µk ≪ µk+1 ≪ µ, hence the chain rule of Radon-Nikodym derivative implies that
dµk
dµ
(x) =
dµk
dµk+1
(x) ·
dµk+1
dµ
(x) (3.1)
⇒ fT k(x) =
dµk
dµk+1
(x) · fT k+1(x) (3.2)
Similarly, µk+1 ≪ µk ≪ µ implies that
fT k+1(x) =
dµk+1
dµk
(x) · fT k(x) (3.3)
Now, the kernel of CkT given by ker (C
k
T ) = ker (CT k) = W
1,ϕ(Ωk), where Ωk = {x ∈ Ω :
fT k(x) = 0}. Similarly, ker (C
k+1
T ) = W
1,ϕ(Ωk+1), where Ωk+1 = {x ∈ Ω : fT k+1(x) =
0}. From 3.2 and 3.3, it follows that Ωk = Ωk+1. Therefore we have,
ker (CkT ) =W
1,ϕ(Ωk) =W
1,ϕ(Ωk+1) = ker (C
k+1
T ).
Since k is the least hence, the ascent of CT is k.
Conversely, suppose that ascent of CT is k. Now this implies that if ker (C
k
T ) =
W 1,ϕ(Ωk) and ker (C
k+1
T ) = W
1,ϕ(Ωk+1), then W
1,ϕ(Ωk) = W
1,ϕ(Ωk+1). Hence Ωk =
Ωk+1 almost everywhere with respect to the measure µ. So Ωk = {x ∈ Ω : fT k(x) =
0} = {x ∈ Ω : fT k+1(x) = 0}. It is known that µk+1 ≪ µk. Thus only need to show
µk ≪ µk+1. For this let E ∈ Σ such that µk+1(E) = 0. Now we have the following
cases:
Case-1: When E ∩ Ωk = ∅.
Then 0 = µk+1(E) =
∫
E
fT k+1(x)dµ(x) implies that µ(E) = 0 as on E, fT k+1(x) > 0.
As µk(E) =
∫
E
fT k(x)dµ(x) and µ(E) = 0, hence µk(E) = 0.
Case-2: when E ∩ Ωk 6= ∅.
Then we have,
0 = µk+1(E) =
∫
E
fT k+1(x)dµ(x)
=
∫
E\(E∩Ωk)
fT k+1(x)dµ(x) +
∫
E∩Ωk
fT k+1(x)dµ(x)
=
∫
E\(E∩Ωk)
fT k+1(x)dµ(x)
Now this implies that µ(E \ (E ∩ Ωk)) = 0. Therefore, in either cases µk+1(E) = 0
implies that µk(E) = 0. Thus µk+1 ≪ µk ≪ µk+1.
Corollary 3.1. Ascent of the composition operator Cτ on Orlicz-Sobolev spaces is
infinite if and only if there does not exist any positive integer k such that the measures
µk and µk+1 are equivalent.
9We say that a measurable transformation T is measure preserving if µ(T−1(E)) =
µ(E) for all E ∈ Σ. We also have the following results:
Corollary 3.2. 1. If the measure µ is measure preserving then the ascent of the
composition operator CT on Orlicz-Sobolev space W
1,ϕ(Ω) is 1.
2. If T is a nonsingular surjective measurable transformation such that µ(τ−1(E)) ≥
µ(E) for all E ∈ Σ, then also the ascent of the composition operator induced by
T on Orlicz-Sobolev space is 1.
3. If T is essentially surjective, then also ascent of CT is equal to 1.
Conclusions:
We have proposed and proved a necessary and sufficient condition for the injectivity
of composition operator CT . We have also characterized the operator CT defined on
Orlicz-Sobolev space with finite and infinite ascent. Our future plan of work will be to
apply these results to a class of non-linear PDEs.
Acknowledgement:
One of the author R.K. Giri acknowledge the Ministry of Human Resource Development
(M.H.R.D.), India for the financial assistantship.
References
[1] Aneta Wrblewska-Kaminska, An application of Orlicz spaces in Partial Differen-
tial equations, PhD dissertation, Institute of Applied Mathematics and Mechanics,
University of Warsaw, 2012.
[2] Angus E. Taylor, David C. Lay, Introduction to Functional Analysis, R.E. Krieger
Publishing Company, 1980.
[3] A. Kufner, O. John and S. Fucik, Function Spaces, Academia Prague (1977).
[4] B. Aupetit, A Primer on Spectral Theory, Springer-verlag, Newyork, 1991.
[5] E. Nordgren, Composition Operator On Hilbert Spaces, Lecture Notes on Mathe-
matics, 693, 37-68, Springer-Verlag, Newyork, 1978.
[6] F. Riesz, Uber lineare Functionalgleichungen, Acta Math. 41 (1918), 71-98.
10
[7] M. Burgos, A. Kaidi, M. Mbekhta and M. Oudghiri, The Descent Spectrum and
Perturbations, J. Operator Theory, 56:2(2006), 259-271
[8] M. A. Krasnoselskii and Ya. B. Rutickii, Convex function and Orlicz spaces, No-
ordhorff, Groningen (1961).
[9] M. M. Rao and Z. D. Ren, Theory of Orlicz spaces, Marcel Dekker, New York
(1991).
[10] Rajeev Kumar, Ascent and descent of weighted composition operators on Lp-
spaces, Mathematicki Vensik, 60:1(2008), 47-51.
[11] Robert A. Adams, Sobolev Spaces, Academic Press, New York, 1975.
[12] R. K. Sing and J. S. Manhas, Composition operator on function spaecs, North-
Holland Mathematics Studies 179, Newyork (1993).
[13] S. C. Arora, G. Datt and S. Verma, Weighted Composition Operator On Orlicz-
Sobolev spaces, J. Aust. Math. Soc., 83 (2007), 327-334.
[14] Y. A. Abramovich and C. D. Aliprantis, An Invitation to Operator Theory, Grad-
uate Studies in Mathematics 50, American Mathematical Society, 2002.
[15] Y. Cui, H. Hudzik, R. Kumar and L. Maligranda, Composition operators in Orlicz
Spaces, J. Aust. Math. Soc., 76 (2004), 189-206.
[16] V. De. Cicoo and G. Marino,Composition Operator On Summable functions spaces,
Le Mathematiche XLIV, (1989), 3-20.
